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Precalculus Key Concepts 
 

- Read carefully all the Math Concepts. 
- Get familiar with the Formulas.  

 

1. Polynomial 
2. Polynomial Func�on 
3. Degree of a Polynomial 
4. Leading Coefficient for Polynomials 
5. Roots or Zeros for Polynomials 
6. Factoring 
7. Factor Theorem 
8. Long Division of Polynomials 
9. Synthe�c Division 
10. Remainder Theorem 
11. Fundamental Theorem of Algebra 
12. Even and Odd Func�ons 
13. Iden�ty Equa�on 
14. Solving Radical Equa�ons 
15. System of Equa�ons 
16. Sum and Product Rela�onships 
17. Number of Solu�ons 
18. Finding Domains 
19. Distance between two points 
20. Polynomials with More Than One 

Variable 
21. Comple�ng the Square and Finding a 

Vertex 
22. Solving with Absolute Values 
23. Characteris�cs of Quadra�c Equa�ons 
24. Hybrid Func�ons 
25. Periodic Func�ons 
26. Square Root Func�ons 
27. Ra�onal Root Theorem 
28. Descartes' Rule of Signs 
29. Conjugate Pairs Theorem 
30. Intermediate Value Theorem 
31. End Behavior of Polynomials 
32. Mul�plicity of Roots 
33. Polynomial Graphs 

34. Continuity 
35. Extrema, Intervals of Increase and 

Decrease 
36. Power Functions 
37. Average Rates of Change 
38. Transformations of Graphs 
39. Piecewise Functions 
40. Operations on functions 
41. Inverse function 
42. Types of discon�nui�es  
43. Arithme�c Mean (AM) 
44. Midpoint 
45. Geometric Mean (GM) for posi�ve 

numbers only 
46. Harmonic Mean (HM) 
47. Count the Numbers Within the 

Specified Range 
48. The Addi�on Principle 
49. The Mul�plica�on Principle 
50. Irra�onal Numbers 
51. Imaginary and Complex Numbers 
52. Ra�onalize Numbers 
53. An Arithme�c Sequence 
54. Sum of Arithme�c Sequence 

(Arithme�c Series) 
55. Infinite Arithme�c Series 
56. A Geometric Sequence 
57. Sum of Geometric Sequence 

(Geometric Series) 
58. Infinite Geometric Series 
59. Absolute Value 
60. Interval Nota�on 
61. Factors for Numbers 
62. Asymptotes 
63. Exponen�al Func�ons 
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64. Logarithmic Func�ons 
65. Ra�onal Func�ons 
66. Graphs of Rational Functions 
67. Rational Equations 
68. Composi�on of Func�ons 
69. Graphs, Real Zeros, and End Behavior 

of Polynomial Functions 
70. Writing Polynomial Functions and 

Conjugate Roots 
71. Complex Zeros and The Fundamental 

Theorem of Algebra 
72. Polynomial Inequalities 
73. Rational Inequalities 
74. Trigonometric Func�ons 
75. Triangle Area with Sines 
76. Polar Coordinates 
77. De Moivre's Theorem 
78. Parametric Equa�ons 
79. Descrip�ve Sta�s�cs 
80. Probability 
81. Data Representa�on 
82. Correla�on and Regression 
83. Factorials 
84. Permuta�ons 
85. Combina�ons 
86. Pascal's Triangle 
87. Binomial Theorem 
88. Binomial Coefficients 
89. Angle between a line and the x-axis 
90. Angle between two lines 
91. Arc Length and Angle 
92. Central Angle 
93. Areas for Circle and Arc 
94. Areas for Triangle and Polygons 
95. Similarity 
96. Angle and Trigonometric Func�ons 
97. Inverse Trigonometric Func�ons 
98. Solving Radical Equa�ons 
99. Trigonometric Iden��es 
100. Sines and Cosines Laws 
101. Matrix Opera�ons 
102. Determinants 
103. Vector Opera�ons 
104. Dot Product of two vectors 

105. Sigma Nota�on 
106. Absolute Equa�ons 
107. Absolute Inequali�es 
108. Laws of Exponents 
109. The Laws of Logarithms 
110. Solving Exponen�al Equa�ons 
111. Solving Logarithmic Equa�ons 
112. Trigonometric Equa�ons 
113. Exponen�al Growth and Decay 
114. Rectangular and Polar Coordinates 
115. Conic Equa�ons 
116. Limits 
117. Con�nuity 
118. Exponen�al Growth and Decay 
119. Logarithmic Scale 
120. Ra�onalizing Subs�tu�ons 
121. Parent Func�on 
122. Logarithmic func�on 
123. Polar form and rectangular form for 

complex number 
124. Change in Tandem 
125. Polar Graphs 
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eSpyMath: AP Precalculus  
 

 

. .001. Polynomial 
- A polynomial is an algebraic expression consis�ng of variables, coefficients, and 

exponents, combined using addi�on, subtrac�on, and mul�plica�on. It can have 
mul�ple terms, and the exponents must be non-nega�ve integers. 

A polynomial is a mathema�cal expression involving a sum of powers in one or more 
variables mul�plied by coefficients. A single variable polynomial is in the form: 

  

where: 

• x is the variable, 
• n is a non-nega�ve integer called the degree of the polynomial, 
• . 1 2 1 0, , , , ,n na a a a a− … . are constants called coefficients, with 0na ≠  (if 0na = , the degree 

is less than n). 

 

The highest power of the variable (x) indicates the degree of the polynomial. For Example, if 
the highest power is 3, it's a cubic polynomial; if it's 2, it's a quadra�c polynomial; and if it's 
1, it's a linear polynomial. 

 

 

002. Polynomial Func�on 
A polynomial func�on is an expression made up of terms called monomials, which are the 
product of numbers (coefficients) and variables raised to whole number exponents.  

- Example: 3 2( ) 2 3 5f x x x x= − + −  is a polynomial func�on. 
- Example: 5( ) 5f x x=  is a polynomial func�on. 

 

 

003. Degree of a Polynomial 
- The degree of a polynomial is the highest exponent of the variable in the polynomial.  
- Example: the polynomial 3 2( ) 2 3 5f x x x x= − + −  has a degree of 3. 
- Example: the polynomial 23 2 1x x+ −  has a degree of 2 because the highest exponent is 

2. 
- Example: The polynomial 5 27 3 6x x− +  has a degree of 5. 
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004. Leading Coefficient for Polynomials 
The leading coefficient is the coefficient of the term with the highest degree.  

- In 3 2( ) 2 3 5f x x x x= − + − , the leading coefficient is 2. 
- Example: In the polynomial 3 24 2 5 1x x x− + + , the leading coefficient is 4. 
- Example: In the polynomial 32 3 4x x− + − , the leading coefficient is -2. 

 

 

005. Roots or Zeros for Polynomials 
- Roots or zeros of a polynomial are the values of x  that make the polynomial equal to 

zero.  
- Example: For 2 4 0x − = , the roots are 2x =  and 2x = − . 

 

 

006. Factoring 
Factoring is the process of breaking down a polynomial into simpler polynomials (factors) 
that, when mul�plied together, give the original polynomial.  

- Example: 2 4x −  factors into ( 2)( 2)x x+ − . 
- Example: The polynomial 2 5 6x x− +  can be factored into ( 2)( 3)x x− − . 

 

Factoring Formulas 

• ( )( )3 3 2 2a b a b a ab b− = − + +  

• ( )( )3 3 2 2a b a b a ab b+ = + − +  

• ( ) ( )22 22a ab b a b+ + = +  

• ( ) ( )22 22a ab b a b− + = −  

• ( ) ( )33 2 2 33 3a a b ab b a b− + − = −  

• ( ) ( )33 2 2 23 3a a b ab b a b+ + + = +  

• ( )( )2 2a b a b a b− = − +  
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• ( ) ( )
2

2 2a b a ab b a b ab+ = + + = + +  

• ( ) ( )
2

2 2a b a ab b a b ab− = − + = + −  

• ( ) 2  a b ab a b+ + = +  

• ( ) ( )2    a b ab a b a b+ − = − ≥    

• ( ) ( )22 2 2 2 2 2a b c ab bc ac a b c+ + + + + = + +  

 

 

007. Factor Theorem 
The Factor Theorem states that x c−  is a factor of a polynomial ( )f x  if and only if ( ) 0f c = . 

- Example: If (2) 0f =  for 3 2( ) 2 4 4 8f x x x x= − + − , then 2x −  is a factor of ( )f x . 
- Example: If (3) 0f =  for 3 2( ) 9 27 27f x x x x= − + − , then ( 3)x −  is a factor. 

 
 

Factor Theorem: 

- The Factor Theorem is a special case of the Remainder Theorem. It states that x a− is a 
factor of the polynomial ( )f x  if and only if ( ) 0f a = . 

- In summary, the Remainder Theorem helps you find the remainder when a polynomial is 
divided by a linear expression, and the Factor Theorem helps you determine whether 
that linear expression is a factor of the polynomial. Both theorems are extremely useful 
for simplifying polynomial division and for finding the roots of polynomials. 

 

- Example: Let's say we have a polynomial 2( ) 3 2f x x x= − + , and we want to divide it by 
1x − . According to the Remainder Theorem, the remainder of this division is simply (1)f . 

So, we evaluate ( )f x  at 1x = : 2(1) (1) 3(1) 2 1 3 2 0f = − + = − + =  

- Solu�on: The remainder is 0, which also tells us that 1x −  is a factor of ( )f x . 
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034. Con�nuity 
A function is continuous at a point if there is no interruption in the graph at that point. The 
function's limit, as it approaches the point, must equal the function's value at that point. 

- Example: The function 2( )f x x=  is continuous at 2x =  because 2

2
lim 4
x

x
→

=  and (2) 4f = . 

 

 

035. Extrema, Intervals of Increase and Decrease 
Extrema refers to the maximum and minimum values of a function. A function is increasing 
when the output values increase as the input values increase. It is decreasing when the 
output values decrease as the input values increase. 

- Example: For 2( ) 4f x x x= − , ( )f x  is decreasing on the interval ( ,2)−∞  and increasing on 
the interval (2, )∞ . The point 2x =  is a minimum (extrema). 

 

 

036. Power Func�ons 
Power functions have the form ( ) nf x ax=  where n  is a real number. 

- Example: 3( ) 2f x x=  is a power function with a degree of 3. 

  



eSpyMath – AP Precalculus Workbook                               23 

 

037. Average Rates of Change 
The average rate of change of a function over an interval is the change in the function's 
value divided by the change in the input value. 

 

The rate of change is the speed at which a func�on's output changes with respect to its 
input. For a func�on ( )f x , the average rate of change from x a=  to x b=  is given by 

( ) ( )f b f a
b a
−
−

. 

- Example: The average rate of change of 2( )f x x=  from 1x =  to 3x =  is 
(3) (1) 9 1

4
3 1 2

f f− −
= =

−
. 

 

Rates of Change in Linear and Quadra�c Func�ons:  

For linear func�ons of the form ( )f x mx b= + , the rate of change is constant and equal to the 
slope m . This means that for any two points on the line, the rate of change (or slope) 
between them is the same. For example, if ( ) 3 2f x x= + , the rate of change is 3, indica�ng 
that for every one unit increase in x , ( )f x  increases by 3 units. 

For quadra�c func�ons of the form 2( )f x ax bx c= + + , the rate of change is not constant and 
is represented by the difference in func�on values over the difference in x  values. The rate 
of change increases or decreases as x  moves away from the vertex of the parabola. 
Algebraically, the average rate of change from 1x  to 2x  is  

12

2 1

( ) ( )f x f x
x x
−

=
−

2 2
2 1 2 1

2 1

( ) ( )
2

a x x b x x
ax b

x x
− + −

= +
−

. 

 

Polynomial Func�ons and Rates of Change:  

The rate of change of a polynomial func�on can be explored by looking at the differences in 
the func�on's values over intervals. For a polynomial func�on 

1
1 1 0( ) n n

n nf x a x a x a x a−
−= + +…+ + , the rate of change between two points can be found by 

calcula�ng the average rate of change as described above. For example, the average rate of 

change of 3( ) 4f x x x= −  between 1x =  and 3x =  is (3) (1)
3 1

f f−
−

. This gives us an idea of how 

steeply the func�on is increasing or decreasing over that interval. As the degree of the 
polynomial increases, the behavior of the rates of change becomes more complex, with 
more turning points and inflec�on points. 
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038. Transforma�ons of Graphs 
Transformations include shifting, reflecting, stretching, or compressing the graph of a 
function. 

- Example: The graph of 2( ) ( 2)f x x= −  is a horizontal shift to the right by 2 units of the 
graph of 2( )g x x= . 

- These transformations can be combined to move and reshape the graph of a polynomial 
function in various ways, providing a powerful tool for understanding and manipulating 
the function's graphical representation. 

 

Shifting 

- Vertical Shift: Adding or subtracting a constant to the function moves the graph up or 
down. 

- Example: 2( )f x x=  shifted up by 3 units becomes 2( ) 3f x x= + . 

 

- Horizontal Shift: Adding or subtracting a constant inside the function argument moves 
the graph left or right. 

- Example: 2( )f x x=  shifted right by 2 units becomes 2( ) ( 2)f x x= − . 

 

Reflecting 

- Reflect Across the x-axis: Multiplying the function by -1 reflects it across the x-axis. 
- Example: 2( )f x x=  reflected across the x-axis becomes 2( )f x x= − . 

 

- Reflect Across the y-axis: Replacing x  with x−  in the function reflects it across the y-
axis. 

- Example: 3( )f x x=  reflected across the y-axis becomes 3 3( ) ( )f x x x= − = − . 

 

Stretching or Compressing 

- Vertical Stretch: Multiplying the function by a constant greater than 1 stretches it 
vertically. 

- Example: 2( )f x x=  stretched vertically by a factor of 2 becomes 2( ) 2f x x= . 

 

- Vertical Compression: Multiplying the function by a constant between 0 and 1 
compresses it vertically. 

- Example: 2( )f x x=  compressed vertically by a factor of 0.5 becomes 2( ) 0.5f x x= . 
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- Horizontal Stretch: Multiplying the variable by a constant between 0 and 1 stretches the 
graph horizontally. 

- Example: 2( )f x x=  stretched horizontally by a factor of 0.5 becomes 
2 2( ) (0.5 ) 0.25f x x x= = . 

 

- Horizontal Compression: Multiplying the variable by a constant greater than 1 
compresses the graph horizontally. 

- Example: 2( )f x x=  compressed horizontally by a factor of 2 becomes 2 2( ) (2 ) 4f x x x= = . 

 

 

039. Piecewise Func�ons 
- Hybrid functions, also known as piecewise functions, are defined by different 

expressions over different intervals within their domain. Each piece of the function 
applies to a specific part of the domain. 

- Example: 
2 if 0

( )
2 if 0

x x
f x

x x
 <= 

+ ≥
. 

 

Graphing a Hybrid Function 

When graphing a hybrid function, you plot each piece separately within its specified 
interval. The graph may have sharp turns or jumps at the boundaries where the function's 
rule changes. 

 

Domain and Range of a Hybrid Function 

The domain of a hybrid function is the set of all x  values for which the function is defined, 
which may be all real numbers or a subset, depending on the pieces. The range is the set of 
all possible output values. 

 

Continuity of a Hybrid Function 

A hybrid function may or may not be continuous. It is continuous if you can draw the graph 
without lifting your pencil from the paper. Discontinuities can occur at the boundaries 
between pieces. 
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040. Opera�ons on func�ons 
Operations on functions include addition, subtraction, multiplication, and division of two 
functions. 

- When performing these operations, it's important to consider the domains of the 
original functions to ensure the operations are defined. The domain of the resulting 
function may be restricted based on the need to avoid division by zero or other 
undefined expressions. 

 

Addition of Functions 

- Combining two functions by adding their corresponding output values. 
- Example: If 2( )f x x=  and ( ) 3 1g x x= + , then 2( )( ) ( ) ( ) (3 1)f g x f x g x x x+ = + = + + . 

 

Subtraction of Functions 

- Combining two functions by subtracting the output values of one function from the 
other. 

- Example: If 2( )f x x=  and ( ) 3 1g x x= + , then 2( )( ) ( ) ( ) (3 1)f g x f x g x x x− = − = − + . 

 

Multiplication of Functions 

- Combining two functions by multiplying their output values. 
- Example: If 2( )f x x=  and ( ) 3 1g x x= + , then 2( )( ) ( ) ( ) (3 1)f g x f x g x x x⋅ = ⋅ = ⋅ + . 

 

Division of Functions 

- Combining two functions by dividing the output value of one function by the output 
value of the other if the denominator is not zero. 

- Example: If 2( )f x x=  and ( ) 3 1g x x= + , then 
2( )

( )
( ) 3 1

f f x x
x

g g x x
 

= =  + 
, for 1

3
x ≠ − . 

 

 

041. Inverse function 

The inverse of a function reverses the original function's effect. If ( )f x  maps a  to b , then 
1( )f x−  maps b  to a . 

- Example: If ( ) 2 3f x x= + , its inverse is 1 3
( )

2
x

f x− −
= . 
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- Example: If ( ) 10xf x = , its inverse is 1( ) logf x x− = . 

 

 

042. Types of discon�nui�es  
A func�on is discon�nuous when it doesn't meet the criteria for being con�nuous at a 
certain point. Here are the types of discon�nui�es: 

- Hole or Point Discon�nuity: This occurs when the func�on is not defined at a par�cular 
point x = c, yet the limits from both sides as x approaches c are equal. On a graph, this is 
shown as an open circle x = c. 

 
- Jump Discon�nuity: If the func�on's limits from the le� and right as x approaches c  

exist but are not the same, the func�on has a "jump" at x = c. This is seen as a sudden 
leap or gap in the graph. 

 
- Infinite Discon�nuity: When the func�on's limit as  x  approaches  c  does not exist 

because the func�on heads towards infinity, there is an infinite discon�nuity. This is 
typically represented by a ver�cal asymptote on the graph at  x = c . 
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- The standard form of a hyperbola's equa�on is 
2 2

2 2

( ) ( ) 1x h y k
a b
− −

− = . 

- A hyperbola is the set of all points for which the difference of the distances from two 
fixed points (foci) is constant. The standard form of a hyperbola's equa�on with the 

center at the origin is 
2 2

2 2 1x y
a b

− =  for a horizontal hyperbola or 
2 2

2 2 1y x
a b

− =  for a ver�cal 

hyperbola. 

- Foci 2 2 2a b c+ = , Asymptotes ( ay
b

= ± ), Eccentricity ( c
a

), Parametric Equa�ons 

( ) , x acosh t= ( ) y b sinh t=  where t is the parameter. 

 

• 
2 2

1
9 4
x y

− =  (Horizontal hyperbola centered at the origin) 

• 
2 2

1
16 9
y x

− =  (Ver�cal hyperbola centered at the origin) 

• 
2 2( 3) ( 2) 1

9 4
x y− +

− =  (Horizontal hyperbola centered at (3, -2)) 

• 
2 2( 5) ( 4) 1

16 9
y x− +

− =  (Ver�cal hyperbola centered at (-4, 5)) 

 

 

116. Limits 
- The concept of a limit examines the behavior of a func�on as it approaches a par�cular 

point. 

- Example: 
2

2

4lim 4
2x

x
x→

−
=

−
. 

 

 

117. Con�nuity 
- A func�on is con�nuous at a point if the limit as it approaches the point equals the 

func�on's value at that point. 
- Example: The func�on 2( )f x x=  is con�nuous at 2x =  because 2

2
lim 4
x

x
→

=  and (2) 4f = . 
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118. Exponen�al Growth and Decay 
- Models that describe how quan��es grow or shrink over �me. 
- Example: The popula�on P  over �me t  with growth rate r  is 0( ) rtP t P e= . 

 

 

119. Logarithmic Scale 
- A scale used to represent data that spans mul�ple orders of magnitude. 
- Example: The Richter scale for earthquake intensity is logarithmic. 

 

 

120. Ra�onalizing Subs�tu�ons 
- A technique used to simplify integrals and solve equa�ons by subs�tu�ng a 

trigonometric or hyperbolic func�on. 
- Example: Subs�tute tan( )x θ=  to ra�onalize 2 1x + . 

 

 

121. Parent Func�on 
Parent func�ons are the simplest forms of func�ons within their family.  

They provide the basic shape or template from which more complicated func�ons in the 
same family can be derived by transforma�ons such as shi�s, stretches, compressions, and 
reflec�ons. here are some common parent func�ons in precalculus: 

 

Linear func�on 

- Parent func�on: ( )f x x=  
- Example: ( ) 2 3g x x= +  is a linear func�on derived from the parent func�on by 

stretching and shi�ing. 

 

Quadra�c func�on 

- Parent func�on: ( ) 2f x x=  
- Graph: a parabola opening upwards with its vertex at the origin. 
- Example: ( ) 2( 2) 3g x x= − −  is a quadra�c func�on derived from the parent func�on by 

shi�ing to the right and down. 
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Cubic func�on 

- Parent func�on: ( ) 3f x x=  
- Graph: an s-shaped curve passing through the origin. 
- Example: ( ) 3g x x= − is a cubic func�on derived from the parent func�on by reflec�ng it 

across the x-axis. 

 

Absolute value func�on 

- Parent func�on: ( )f x x=  
- Graph: a v-shaped graph with its vertex at the origin. 
- Example: ( ) 2 1 4g x x= − +  is an absolute value func�on derived from the parent 

func�on by stretching, shi�ing to the right, and up. 

 

Square root func�on 

- Parent func�on: ( )f x x=  
- Graph: half of a sideways parabola opening to the right. 

- Example: ( ) 3 2g x x= + − is a square root func�on derived from the parent func�on by 
shi�ing to the le� and down. 

 

Exponen�al func�on 

- Parent func�on: ( ) xf x e=  or ( ) xf x a=  where 0a >  
- Graph: a rapidly increasing curve passing through the point (0,1). 
- Example: ( ) 2xg x = is an exponen�al func�on with base 2, derived from the parent 

func�on with base ‘e’. 

 

Trigonometric func�ons 

- Parent sine func�on: ( ) sin( )f x x=  
- Graph: a wave that oscillates between -1 and 1 with a period of 2π . 
- Example: ( ) 3sin(2 )g x x=  is a sine func�on derived from the parent func�on by 

stretching and changing the period. 

 

- Parent cosine func�on: ( ) cos( )f x x=  
- Graph: similar to the sine func�on but starts at its maximum value of 1. 
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- Example: ( ) cos( )
4

g x x π
= +  is a cosine func�on derived from the parent func�on by 

shi�ing to the le�. 

 

 

122. Logarithmic func�on 

- Parent func�on: ( ) log( )f x x=  or ( ) ( )af x log x=  where 0a >  and 1a ≠  
- Graph: a slowly increasing curve passing through the point (1, 0). 
- Example: ( ) ( )2 1g x log x= −  is a logarithmic func�on derived from the parent func�on 

by shi�ing to the right. 

 

Evaluating Logarithms 

- To evaluate a logarithm, determine the exponent that the base must be raised to in 
order to obtain the number. 

- Example: Evaluate 2log (32) . Since 52 32= , 2log (32) 5= . 

 

Logarithms and Exponents as Inverses 

- Logarithms undo the effect of exponents, and vice versa. 
- Example: If xe y= , then ln( )y x= . 

 

Properties of Logarithms 

- Logarithms have properties that simplify the manipulation of logarithmic expressions, 
such as the product, quotient, and power rules. 

- Example: log ( ) log ( ) log ( )b b bMN M N= + . 

 

Writing Logs in Terms of Others 

- Logarithms can be expressed in terms of logarithms with different bases using change-
of-base formulas. 

- Example: 2log (8)  can be written as 
log(8)
log(2)

. 

 

Exponential Equations Requiring Logarithms 

- To solve exponential equations where the same base cannot be used, apply logarithms 
to both sides of the equation. 
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- Example: Solve 2 5x =  by taking the natural logarithm of both sides: ln(5) / ln(2)x = . 

 

Logarithmic Equations 

- Equations that can be solved by applying the properties of logarithms to isolate the 
variable. 

- Example: Solve log( ) log(2) 3x + =  by combining logs: log(2 ) 3x = , then 32 10x = . 

- Example: Solve 2
2log ( 6) 3x − =  by converting to exponential form: 2 36 2x − = , then 

2 14x = . 

 

Graphing Logarithmic Functions 

- Logarithmic functions have the form ( ) log ( )bf x x=  and their graphs are the inverse of 
exponential functions. 

- Example: Graph 2( ) log ( )f x x= . The graph passes through (1,0)  and increases slowly for 
positive x . 

 

Compound Interest 

- Compound interest is calculated using the formula (1 )ntrA P
n

= + , where P  is the 

principal, r  is the annual interest rate, n  is the number of times interest is compounded 
per year, and t  is the time in years. 

- Example: Calculate the amount of a $1000 investment after 3 years at an annual 

interest rate of 5% compounded quarterly: 4 30.051000(1 )
4

A ×= + . 

 

 

123. Polar form and rectangular form for complex number 
Rectangular Form: 

- In rectangular form, a complex number is represented as a combina�on of a real part 
and an imaginary part, using the format a bi+ , where (a) is the real part,  (b) is the 

imaginary part, and (i) is the imaginary unit with the property that 2 1i = − . 

 

Polar Form: 

- In polar form, a complex number is represented using a magnitude (also called modulus 
or absolute value) and an angle (also called argument or phase), using the format 
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(cos( ) sin( )) ( )r i or rCisθ θ θ+  or r θ∠ , where ® is the magnitude and (θ ) is the angle in 
radians. 
• Rectangular form: z a bi= +  
• Polar form: ( ) ( ) cos    sin   cos   sin    z r r i r i r cisθ θ θ θ θ= + = + =  

 

Conversion from Rectangular to Polar Form: 

- To convert a complex number from rectangular to polar form, you calculate the 
magnitude r and the angle θ  using the following equa�ons: 

 2 2r ba= ± + , cos( )x r θ= , sin( )y r θ=  

( ) ( )2 22 2   r z a b rcos rsinθ θ= = + = +  

 tan b
a

θ  =  
 

 or use arctan b
a

θ  =  
 

 for the correct quadrant. 

 

Conversion from Polar to Rectangular Form: 

- To convert a complex number from polar to rectangular form, you use the magnitude (r) 
and the angle (θ ) to find the real part (a) and the imaginary part (b) using the following 
equa�ons: 

 

 

124. Change in Tandem 
This concept involves understanding how two or more related quan��es vary together. For 
example, if the volume of a cube changes, its surface area changes as well. 

 

Examples: 

1) The area and perimeter of a square increase together as the side length increases. 
2) The volume and surface area of a cube change as the side length changes. If the side length 

doubles, the volume increases eigh�old, while the surface area increases fourfold. 
3) The rela�onship between the radius and the circumference of a circle. As the radius changes, the 

circumference changes propor�onally, with 2C rπ= . 

4) The volume and surface area of a sphere ( 34
3

V rπ= and 24A rπ= ) - as the radius increases, 

both the volume and surface area increase. 
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125. Polar Graphs 
  

( ) 2sin( )r θ θ=  ( ) 2sin( )r θ θ= −  ( ) 2cos( )r θ θ=  ( ) 2cos( )r θ θ= −  

    
 

( ) sin( )r a bθ θ= or ( ) cos( )r a bθ θ= : if b= even, the polar curve will have 2b petals. 

( ) 2sin(2 )r θ θ=  ( ) 2sin(2 )r θ θ= −  ( ) 2cos(2 )r θ θ=  ( ) 2cos(2 )r θ θ= −  

    

 

( ) sin( )r a bθ θ= or ( ) cos( )r a bθ θ= : if b= odd, the polar curve will have b petals. 

( ) 2sin(3 )r θ θ=  ( ) 2sin(3 )r θ θ= −  ( ) 2cos(3 )r θ θ=  ( ) 2cos(3 )r θ θ= −  
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( ) sin( )r a bθ θ= ±  or ( ) cos( )r a bθ θ= ±  

( ) 1 sin( )r θ θ= +  

Cardoid: 1
a
b
<  

( ) 1 2sin( )r θ θ= +  

Limacon: 1
a
b
=   

( ) 2 sin( )r θ θ= +  

Dimpled Cardoid: 

1 2
a
b

< <  

( ) 1 sin( )r θ θ= −  

    

 

( ) 1 cos( )r θ θ= +  

Cardoid: 1
a
b
<  

( ) 1 2cos( )r θ θ= +  

Limacon: 1
a
b
=  

( ) 2 cos( )r θ θ= +  

Dimpled Cardoid:

1 2
a
b

< <  

( ) 1 cos( )r θ θ= −  
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#1-01. Defini�on of Polynomial 

Is the equa�on a polynomial?  (True or False) 

1) 2 3 4y x xπ= + +  

 

2) 1.2y xπ=  

 

3) 1/2 4y x xπ= +  

 

4) 2y xπ=  

 

5) 1/2y x x= +  

 

6) y x=  

 

 

  



eSpyMath – AP Precalculus Workbook                               80 

Solu�ons:  

1) ⇒  True 
 

2 3 4y x xπ= + + : True.  
The exponents are whole numbers and the 
coefficients are real numbers. 
 

2) ⇒  False 
 

1.2y xπ= : False.  
The exponent is not a whole number. 
 

3) ⇒  False 
 

1/2 4y x xπ= + : False.  
The exponent 1 / 2  is not a whole number. 
 

4) ⇒  False 
 

2y xπ= : False.  

This simplifies to | |y xπ= , which is not a 
polynomial due to the absolute value. However, if 
we consider 2x  under the square root, it is a 
whole number exponent, but due to the absolute 
value, the overall answer is False. 
 

5) ⇒  False 
 

1/2y x x= + : False.  
The exponent 1 / 2  is not a whole number. 
 

6) ⇒  False 
 

| |y x= : False.  
A polynomial func�on must have exponents that 
are whole numbers, and the absolute value 
func�on does not sa�sfy this condi�on. 
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#1-02. Exploring Different Types of Algebraic Func�ons 

Solve each equa�on for x.  

1) y ax b= +  

 

2) 2  y ax b= −  

 

3) 3 - y ax b=  

 

4) 2 - 2 3  y x x= +  

 

5) ( )-1-1 - 1y x x= +  

 

6) 1
2 - 3
xy
x
+

=  
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Solu�ons:  

1) ⇒
y b

x
a
−

=  

 
y ax b= + : 

• y b
x

a
−

=  

 

2) ⇒ y b
x

a
+

= ±  

 
 2y ax b= − : 

• 2ax y b= +  

• 2 y b
x

a
+

=  

• y b
x

a
+

= ±  

3) ⇒  3
y b

x
a
+

=  

 
3y ax b= − : 

• 3ax y b= +  

• 3 y b
x

a
+

=  

• 3
y b

x
a
+

=  

 

4) ⇒ 1 2x y= ± −  
 

2 2 3y x x= − + : 
This is a quadra�c equa�on. To solve for x , we 
can complete the square or use the quadra�c 
formula: 

• 2 2 3x x y− = −  

• 2 2 1 3 1x x y− + = − +  

• 2( 1) 2x y− = −  

• 1 2x y− = ± −  

• 1 2x y= ± −  

5) ⇒
2

1
1 1( )
2 4

x
y

=
+ −

 

 
1 1( 1)y x x− −= − + : 

To solve for x , we need to find a common 
denominator and combine the terms: 

• 1 1
1

y
x x

= −
+

 

• ( 1)
( 1)

x x
y

x x
+ −

=
+

 

• 
2

1 1
1 1( 1)
4 4

y
x x x x

= =
+ + + − 2

1
1 1( )
2 4

x
=

+ −
 

 
 

6) ⇒ 3 1
2 1

y
x

y
+

=
−

 

 
To solve for x , we cross-mul�ply: 

• (2 3) 1y x x− = +  

• 2 3 1yx y x− = +  

• 2 3 1yx x y− = +  

• (2 1) 3 1x y y− = +  

• 3 1
2 1

y
x

y
+

=
−

 

As long as 2 1 0y − ≠ , this is the Solu�on for x . 
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#1-03. Quadra�c Func�ons: Comple�ng the Square to Find the Vertex 

Using Comple�ng square and find a vertex. 

1) 2 - 4 4y x x= +  

 

2) 2 - 4y x x=  

 

3) 22 -  4y x x=  

 

4) 2-4 - 8 3 y x x= +  

 

5) 22 - 3 - 4y x x=  
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- No oblique asymptote or holes. 
 

 
 

- Horizontal asymptote: 2y = . 
- No oblique asymptote or holes. 
 

 
 

7) 
2

2(
22

4
)

3x
f

x
x

x
x

−
=

−
+−

: 

 
- Zeros: Set the numerator equal to zero and 

solve for  x: 24 3 0 (4 3)( 1) 0x x x x− − = ⇒ + − =
3

, 1
4

x = −  

- Ver�cal Asymptotes: 2 2 2 0x x− + = ⇒  No 
solu�ons, so no VAs. 

- Horizontal Asymptote: 
1
4

4y = = . 

- Holes: no holes 

 
 
 

8) 
2

4
8 52 5

( ) 2
4

x
f x

x
x

x
x

− +
−

= = +
−

 

- Zeros: 22 8 5 0x x− + = ⇒
6 6

2 2
2 2

x and x= + = −  

- Ver�cal Asymptotes: 4 0x + = ⇒ 4x = − . 
- Horizontal Asymptote: no. 
- Oblique Asymptote: 2y x=  
- Holes: no holes 

 
 

9) 
2 27

( ) 6
6 6
9x

f x
x

x
x

= = − +
−
+ +

: 

- Zeros: 2 9 0x − = ⇒ 3x =  and 3x = −  
- Ver�cal Asymptote: 6 0x + = ⇒ 6x = − . 
- Horizontal Asymptote: No( or+∞ −∞ ). 

- Oblique Asymptote: 6y x= − . 
- Holes: no holes. 
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#1-29. Sketching Ra�onal Func�ons: Asymptotes and Zeros 

Draw graph briefly. Consider zeros, ver�cal asymptote, horizontal asymptote (end behavior), oblique 
asymptote and other constraint like holes. 

1) ( )
2

2

4 
16

xf x
x

−
=

−
 

 

2) ( )
3

2

2 
6 5
xf x

x x
=

− +
 

 

3) ( )
2

2

4 
2 8

xf x
x x

−
=

− −
 

 
 

4) ( ) 2 
2 8
xf x

x x
=

− −
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5) ( ) 2

7 
2 8

f x
x x

=
− −

 

 

 
 

6) ( )
2 6 5 

2
x xf x

x
− +

=
−
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Solu�ons: 

1) 
2

2

4
( )

16
x

f x
x

−
=

−
: 

- Zeros: 2x = −  and 2x = . 
- Ver�cal asymptotes: 4x = −  and 4x = . 
- Horizontal asymptote: 1y = . 
- No oblique asymptote or holes. 

 
 

2) 
3

2

2 62 60
( ) 2 12

6 5 ( 5)( 1)
x x

f x x
x x x x

−
= = + +

− + − −
: 

- Zeros: 0x = . 
- Ver�cal asymptotes: 1x =  and 5x = . 
- No horizontal asymptote. 
- Oblique asymptote: 2 12y x= + . 
- No holes. 

 
 

3) A�er cancella�on: 
2

2

4 ( 2)( 2) ( 2)
( )

2 8 ( 4)( 2) ( 4)
x x x x

f x
x x x x x

− − + −
= = =

− − − + −
 

- Zeros: 2x = . 
- Ver�cal asymptotes: 4x = . (Note: no VA at 

2x = − ) 
- Horizontal asymptote: 1y = . 

- Hole: 
2

( 2, )
3

−  

- No oblique asymptote. 

 
 

4) 
2( )

2 8 ( 4)( 2)
x x

f x
x x x x

= =
− − − +

 

- Zeros: 0x = . 
- Ver�cal asymptotes: 2x = −  and 4x = . 
- Horizontal asymptote: 0y = . 
- No oblique asymptote or holes. 
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5)  2

7
( )

2 8
f x

x x
=

− −
: 

- Zeros: None. 
- Ver�cal asymptotes: 2x = −  and 4x = . 
- Horizontal asymptote: 0y = . 
- No oblique asymptote or holes. 
 

 
 

6) 
2 6 5 13

( ) 4
2 2

x x
f x x

x x
− +

= = − −
− −

 

- Zeros: 1x =  and 5x = . 
- Ver�cal asymptote: 2x = . 
- No horizontal asymptote. 
- Oblique asymptote: 4y x= − . 
- No holes. 
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#2-01. Number Sets: Coun�ng and Categorizing Within a Range 

Count the numbers within the specified range below. 

11 x 99− ≤ <  

1) Integers in the range 

 

2) Whole numbers 

 

3) Odd integers (including both posi�ve & 
nega�ve) 

 

4) Even numbers (including both posi�ve & 
nega�ve) 

 

5) Natural numbers 

 

6) Mul�ples of 3 (including both posi�ve & 
nega�ve) 

 

7) Nega�ve Integers 
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Solu�ons: 

Count the numbers within the specified range below. 11 x 99− ≤ <  

1)⇒  Integers in the range: 110  
 

- The integers from 11−  to 98 (since 99x < ) 
are counted as follows: 98 ( 11) 1 110− − + = . 

 

2) ⇒  Whole numbers: 99  
 

- Whole numbers are non-nega�ve integers. 
From 0 to 98 : 98 0 1 99− + = . 

 
3) ⇒  Odd integers (including both posi�ve & 
nega�ve): 55  
 

- The first odd integer in the range is 11−  
and the last is 97. 

- There are 
97 ( 11)

1 55
2
− −

+ =  odd integers. 

 

4) ⇒  Even numbers (including both posi�ve & 
nega�ve): 55 
 

- The first even integer in the range is -10 and 
the last is 98. 

- There are 
98 ( 10)

1 55
2
− −

+ =  even integers. 

 
5) ⇒  Natural numbers: 98  
 

- Natural numbers are posi�ve integers 
star�ng from 1. From 1  to 98: 
98 1 1 98− + = . 

 

6) ⇒  Mul�ples of 3 (including both posi�ve & 
nega�ve): 36  
 

- The first mul�ple of 3  in the range is 9−  
and the last is 99 (but since 99x < , we use 
96). 

- There are 
96 ( 9)

1 36
3
− −

+ =  mul�ples of 3. 

 
7) ⇒  Nega�ve Integers: 11 
 

- The nega�ve integers from 11−  to 1− : 
1 ( 11) 1 11− − − + = . 
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Solu�ons: 

1) ⇒a) 1t =  and 8t =  seconds  b) 9t =  
2144 16h t t= − . 

 
a) Find the number of seconds that the ball is in the air 
when it reaches a height of 128 feet. 
- To find the �me when the ball reaches 128 feet, we 

set 128h =  and solve for  t : 2128 144 16t t= − ⇒
216 144 128 0t t + =− ⇒ 2 9 8 ( 8)( 1) 0t t t t− + = − − =  

- The two possible �mes are 1t =  seconds and 8t =  
seconds. Since both �mes are posi�ve, the ball 
reaches a height of 128 feet twice, once on the way 
up and once on the way down. 

b) A�er how many seconds does the ball hit the 
ground? 
- The ball hits the ground when 0h = . We use the 

same quadra�c equa�on as before but look for the 
posi�ve root: 20 16 144 ( 16 144)t t t t= − + = − + ⇒

9t =  
- The ball hits the ground a�er 9 seconds. 

2) ⇒ x = 8 (August) 
2( ) 5 17A x x x= − − , ( ) 1B x x= −  

- To find the prices at which both stocks 
had the same value, we set ( ) ( )A x B x=  
and solve for  x :
 2 5 17 1x x x− − = − ⇒

2 6 16 0x x− − = ⇒ ( 8)( 2) 0x x− + =  
- X=8: August  

 
3) ⇒7 inches 
 
- Let  w  be the width of the metal sheet. Then the length is  3w. A�er cu�ng out squares of side 

length 2  inches from each corner and folding up the sides, the new dimensions of the box will be 
4w − inches in width, 3 4w −  inches in length, and  2 inches in height. 

- The volume  V  of the box is given by: ( 4)(3 4)(2)V w w= − − ⇒ 102 2( 4)(3 4)w w= − − ⇒
20 3 16 35w w= − −  

- We can solve for  w  using the quadra�c formula: 
216 ( 16) 4(3)( 35) 16 26

2(3) 6
w

± − − − ±
= =  

- We discard the nega�ve solu�on since width cannot be nega�ve: 16 26
7

6
w

+
= =  

- The width of the rectangular sheet of metal should be 7 inches. 
 

4) ⇒  Maximum area: 200 square yards 
 
- Let  w  be the width of the plot perpendicular to the river, and  l  be the length of the plot along 

the river. Since the river bounds one side, only three sides need fencing, so the total fencing used 
is 2 40w l+ = . 

- To maximize the area  A , we use the formula A w l= ⋅ . We can express  l  in terms of  w  using the 
fencing constraint: 40 2l w= −  

- Now, the area in terms of  w  is ( ) (40 2 )A w w w= −  240 2w w= − 22( 20 100 100)w w= − − + −
22( 10) 200w= − − +  

- Maximum area: at w=10, Area=200 square yards. 
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Examples (con�nued): 

5) For two below ques�ons, the profit that a coat manufacturer makes each day is modeled 
by the func�on 2( ) 120 2000P x x x= − + −  where ( )P x  is the profit and  x  is the price of each 
coat sold. 

 

a) For what values of  x  does the company make a profit? 
 
 

b) What is the maximum profit that the company can make each day? 
 

 
 

6) A rectangular sheet of aluminum 25 feet long and 12 inches wide is to be made into a rain 
guter by folding up two parallel sides the same number of inches at right angles to the sheet. 
How many inches on each side should be folded up so that the guter will have its greatest 
capacity? 

7) A homeowner wants to increase the size of a rectangular deck that now measures 15 feet 
by 20 feet, but the building-code laws state that a homeowner cannot have a deck larger than 
900 square feet. If the length and the width are to be increased by the same amount, find, to 
the nearest tenth, the maximum number of feet by which the length of the deck may legally 
be increased. 
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Solu�ons: 

5) ⇒ a) 20 100x< <  b) $1600  
 

2( ) 120 2000P x x x= − + −  
a) For what values of  x  does the company make a profit? 
 
- The company makes a profit when ( ) 0P x > . To find the values of  x  for which this is true, we need 

to determine the roots of the quadra�c equa�on ( ) 0P x = : 2 120 2000 0x x− + − =  

- Let's use the quadra�c formula to find the roots: 
2120 120 4( 1)( 2000)

2( 1)
x

− ± − − −
=

−
 

- The two roots are: 
120 80

20
2

x
− +

= =
−

, 
120 80

100
2

x
− −

= =
−

 

- The company makes a profit for  20 100x< < . 
 
b)  What is the maximum profit that the company can make each day? 
 
- The maximum profit occurs at the vertex of the parabola. The vertex  x  value can be found using 

the formula 
2
b

x
a

= −  for a quadra�c func�on in the form 2( )P x ax bx c= + + . 

- For our func�on, 1a = −  and 120b = , so: 120
60

2( 1)
x = − =

−
 

- Now we find the maximum profit by subs�tu�ng 60x =  into the func�on:
2(60) (60) 120(60) 2000 1600P = − + − =  

- The maximum profit that the company can make each day is $1600. 
 

6) ⇒ 3 inches on each side 
 
- Let  x  be the number of inches folded up on each side. The new width of the guter will be 

12 2x− inches, and the height will be  x  inches. The length remains 25 feet (300 inches). 
- The volume  V  of the guter is given by: 2(12 2 ) (300) 3600 600V x x x x= − = −  2600( 6 9 9)x x= − − + −  

2600( 3) 5400x= − − +  
- Maximum volume: at x=3, volume=5400 
- The guter will have its greatest capacity when 3 inches on each side are folded up. 
 
7) ⇒  maximum number of feet: 12.6 feet. 
 
- Let  x  be the number of feet by which the length and the width are increased. The new 

dimensions of the deck will be 15 x+  feet in width and 20 x+  feet in length. The area  A  of the 
deck is: 2(15 )(20 ) 300 35A x x x x= + + = + +  

- The maximum area allowed by law is 900 square feet, so we set 900A≤ : 2300 35 900x x+ + ≤ ⇒
2 35 600 0x x+ − ≤   ( solu�on con�nued next page) 
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- To find the maximum  x , we solve the quadra�c equa�on 2 35 600 0x x+ − =  using the quadra�c 

formula:
235 35 4(1)( 600)
2(1)

x
− ± − −

=  35 3625 35 60.208
2 2

− ± − ±
= =  

- We take the posi�ve root since  x  must be posi�ve: 
25.208

12.604
2

x = =  

- To the nearest tenth, the maximum number of feet by which the length of the deck may legally be 
increased is 12.6 feet. 
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#3-01. Trigonometric Func�ons and Unit Conversion Between Degrees and Radians 

1. Fill in the blanks. Convert Radian to Degree, or Degree to Radian 

Unit Conversion: 180    2 360  o o= =π or π  

(Radian) 0 π/6 (1) π/3 π/2 (2) 3π/4 7π/6 (3) 

(Degree) 0° (4) 45° (5) (6) 180° (7) (8) 360° 

 

 

2. Fill in the blanks without using calculator. 

Ɵ (Degree) 0° 30° 45° 60° 90° 180° 

sin Ɵ 0 1
2

 2
2

 
3

2
 

1  0 

cos Ɵ 1 3
2

 
2

2
 

1
2

 0 -1 

tan Ɵ 0 3
3

 
1 3  ∞ 0 

cosec Ɵ  
(csc Ɵ) 

(1) (2) (3) (4) (5) (6) 

sec Ɵ (7) (8) (9) (10) (11) (12) 

cot Ɵ (13) (14) (15) (16) (17) (18) 
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Solu�ons: 

1. Fill in the blanks. Convert Radian to Degree, or 
Degree to Radian 
 
1) ⇒  π/4 
2) ⇒  π 
3) ⇒  2π 
4) ⇒  30° 
5) ⇒  60° 
6) ⇒  90° 
7) ⇒  135° 
8) ⇒  210° 
 

2. Fill in the blanks without using calculator.  
 
1) ⇒∞ 
2) ⇒ 2 
3) ⇒ 2  

4) ⇒ 2 3
3

 

5) ⇒ 1 
6) ⇒∞ 
7) ⇒ 1 

8) ⇒ 2 3
3

 

9) ⇒ 2  
10) ⇒ 2 
11) ⇒∞ 
12) ⇒ -1 
13) ⇒∞ 
14) ⇒ 3  
15) ⇒ 1 

16) ⇒ 3
3

 

17) ⇒ 0 
18) ⇒ -∞ 
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#3-03. Geometry Problems: Arc Length, Sector Area, and Surface Area & Volume Calcula�ons 

1. Find arc length RQ  and area PQR. 

1) Center angle 30  and r = 5 � 

 

 

2) Center angle 
3
π   and r = 5 � 

 
 

 

 

2. Find surface area and volume of the cone and cylinder. 

1) Cone height = 10 � and radius of botom = 
5 � 

 

2) Cone slant (side) height = 10 � and radius 
of botom = 5 � 

 

3) Cylinder height = 10 � and radius of 
botom = 5 � 
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Solu�ons: 

1. 

1) ( ) ( )30 5π
L RQ 2π  ft ,  

360 6
r= × =  

2 2)
30 25π

A π (ft
360 12

r= × =  

 

2) ( ) ( )5π
L RQ ft ,  

3
rθ= =  

2 2)
1 25π

A (ft
2 6

rθ= =  

 

2. To find the surface area and volume of a cone and a cylinder, we use the following formulas: 

For a cone: 

- Volume: 21
3

V r hπ=  

- Lateral surface area: lateralA rlπ=  
- Total surface area: total ( )A r r lπ= +  
where r  is the radius, h  is the height, and l  is 
the slant height of the cone. 
 

For a cylinder: 
- Volume: 2V r hπ=  
- Lateral surface area: lateral 2A rhπ=  
- Total surface area: 2

total 2 2A rh rπ π= +  
where r  is the radius and h  is the height of the 
cylinder. 

1)  Cone with height 10h =  � and radius 5r =  �: 
The slant (side) height l  can be found using the 
Pythagorean theorem: 2 2 2 25 10l r h= + = +  

25 100 125 5 5= + = =  �. 

• Volume: 21 1
(5) (10) 25 10

3 3
V π π= = ⋅ ⋅  

3250
 ft

3
π

=  

• Total surface area: total (5)(5 5 5)A π= +  
2(25 25 5) 25 (1 5) ftπ π= + = +  

2) Cone with lateral height 10l =  � and radius 
5r =  �: 

Here, the height of the cone is 5 3 . 
 

• Volume: 21 1
(5) (5 3) 25 (5 3)

3 3
V π π= = ⋅ ⋅  

3125 3
 ft

3
π

=  

• Total surface area: 
2

total (5)(5 10) (25 50) 75  ftA π π π= + = + =  

3) Cylinder with height 10h =  � and radius 5r =  
�: 

• Volume: 
2 3(5) (10) 25 10 250  ftV π π π= = ⋅ ⋅ =  

• Total surface area: 
2

total 2 (5)(10) 2 (5) 100 50A π π π π= + = +  
2150  ftπ=  

These are the surface areas and volumes for the 
cone and cylinder with the given dimensions. 
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#3-05. Analy�cal Geometry: Angles and Distances in Coordinate Geometry 

 Solve. 

1) Find a smaller angle ( )θ  between a line 

x 3y 4  0− + =  and x-axis  

 

2) Find an angle ( )θ  between two lines 
x y 1  0

3x y 4  0

− + =


− − =
 

 

3) A shortest line length between a point 
( )3,1  and a line 2x 3y 4  0+ + =  

 

4) A shortest line length between two lines  
x 2y 1  0
x 2y 4  0
+ + =

 + − =
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Solu�ons: 

1) ⇒
1

arctan 30
3

θ  
= = 

 
  

 Angle θ  between the line 3 4 0x y− + =  and 
the x-axis: 
 
First, find the slope of the line by rewri�ng the 
equa�on in slope-intercept form ( y mx b= + ): 

3 4 0x y− + =  

3 4y x= +  
1 4
3 3

y x= +  

The slope m  is 1
3

. To find the angle θ  between 

the line and the x-axis, use the arctan of the 
slope: 

1
arctan 30

3
θ  
= = 

 
  

 

2) ⇒  3 1
arctan 15

1 3
θ

 −
= =  + 

  

 
Angle θ  between the lines 1 0x y− + =  and 

3 4 0x y− − = : 
 
Find the slopes of both lines: 
For 1 0x y− + = , the slope 1m  is 1 (a�er 
rearranging to 1y x= + ). 

For 3 4 0x y− − = , the slope 2m  is 3  (a�er 

rearranging to 3 4y x= − ). 
The angle θ  between the two lines can be found 

using the formula: 2 1

1 2

arctan
1
m m

m m
θ

 −
=  + 

 

3 1
arctan 15

1 3
θ

 −
= =  + 

  

 
3) ⇒ 13d =  
 
Distance between (3,1) and line 2 3 4 0x y+ + = : 
 
The shortest distance from a point to a line is the 
length of the perpendicular from the point to the 
line. The formula for this distance is: 

1 1

2 2

| |Ax By C
d

A B

+ +
=

+
 

 
For the point (3,1)  and the line 2 3 4 0x y+ + = , 
where 2A = , 3B = , and 4C = , the distance d  is: 

2 2

|2(3) 3(1) 4|

2 3
d

+ +
=

+
 

13d =  
 

4) ⇒
2 2

| 4 1|
5

1 2
d

− −
= =

+
 

 
Distance between x + 2y + 1 = 0 and 

2 4 0x y+ − = : 
 
Since the lines are parallel, the shortest distance 
is the perpendicular distance between them. The 
formula for the distance between parallel lines is: 

2 1

2 2

| |C C
d

A B

−
=

+
 

For the lines 2 1 0x y+ + =  and 2 4 0x y+ − = , 
where 1A = , 2B = , 1 1C = , and 2 4C = − , the 

distance d  is: 
2 2

| 4 1|
5

1 2
d

− −
= =

+
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#3-06. Solving Radical and Absolute Value Equa�ons 

Solve equa�ons. 

1) x x=  

 

2) 4 x x− =  

 

3) 1x x+ =  

 

4) 1 3 3x x− + − =  

 

5) 1x x− =  

 

6) 1 3 3x x− + − =  

 

7) 2x x+ =  

 

8) 1 3x x− + =  

 

9) 2 x x− =  

 

10) x x=  
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Solu�ons: 

1) ⇒ 0x =  and 1x =  
 

x x=  
Squaring both sides gives 2x x= . This simplifies 
to 2 0x x− = , so ( 1) 0x x − = . The solu�ons are 

0x =  and 1x = . Both are valid since they sa�sfy 
the original equa�on. 
 

2) ⇒ 2x =  
 

4 x x− =  
Squaring both sides gives 4 x x− = . This simplifies 
to 4 2x= , so 2x = . This is valid since it sa�sfies 
the original equa�on. 
 
 

 
 

3) ⇒
1 5

2
x

+
=  

 
1x x+ =  

Squaring both sides gives 21x x+ = . This 
simplifies to 2 1 0x x− − = . This quadra�c 
equa�on does not factor easily, so we can use the 

quadra�c formula to find 1 5
2

x
±

= . Only the 

posi�ve solu�on 1 5
2

x
+

=  is valid since x  must 

be greater than or equal to 0. 
 

 
 

4) ⇒  157
36

x =  

 
To solve the equa�on 1 3 3x x− + − = , we will 
isolate one of the square roots and then square 
both sides to eliminate the square root. Here are 
the steps: 
- Isolate one of the square roots: 

1 3 3x x− = − −  
- Square both sides of the equa�on to 

eliminate the square root on the le� side: 
2 2( 1) (3 3)x x− = − −  

- Simplify the right side of the equa�on: 
1 9 6 3 3x x x− = − − + −  

- Combine like terms: 1 6 6 3x x x− = + − −  
- Move all terms involving x  to one side: 

6 3 7x − =  

- Isolate the square root: 7
3

6
x − =  

- Square both sides again to eliminate the 

square root: 
2

2 7
( 3)

6
x  − =  

 
 

- Solve for x : 49 157
3

36 36
x = + =  

The solu�on to the equa�on is 157
36

x = .  
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5) ⇒  no real solu�ons 
1x x− =  

Squaring both sides gives 21x x− = . This 
simplifies to 2 1 0x x− + = . This quadra�c 
equa�on has no real solu�ons since the 
discriminant is nega�ve. 
 

 
 

6) ⇒ 1 3 3x x− + − =  has no solu�on.  
Here's a brief explana�on: 
- Isolate one square root: 1 3 3x x− = − − . 
- Square both sides: 1 9 6 3 3x x x− = − − + − . 
- Simplify and isolate the square root: 

6 3 12x x− = − . 
- Square again to eliminate the square root: 

236(3 ) (12 )x x− = − . 
- Expand and simplify to form a quadra�c 

equa�on: 2 10 61 0x x− − = . 
- Solve the quadra�c equa�on: 5 86x = ± . 
Since the domain of the original equa�on 
requires 1 3x< < , and neither 5 86−  nor 
5 86+  falls within this interval, there is no 
solu�on to the equa�on. 
 

 
 

7) ⇒ 2x =  
 
To solve the equa�on 2x x+ = , we will follow 
these steps: 
- Note that the square root is only defined for 

non-nega�ve numbers, so 2 0x + ≥  which 
implies 2x ≥ − . 

- Addi�onally, since the square root is on one 
side of the equa�on and x  is on the other, x  
must also be non-nega�ve (since a square 
root cannot be nega�ve). Therefore, 0x ≥ . 

- Now, square both sides to eliminate the 
square root:   2 2( 2) ( )x x+ =  

- Simplify both sides:   22x x+ =  
- Rearrange the terms to form a quadra�c 

equa�on: 2 2 0x x− − =  
- Factor the quadra�c equa�on:   

( 1)( 2) 0x x+ − =  
- Solve for x :   1 or 2x x= − =  

8) ⇒  2x =  and 1x = − . 
 
To solve the equa�on | 1| | | 3x x− + = , we need to 
consider different cases based on the value of x : 
Case 1: 1x ≥  
Both absolute values are non-nega�ve, so the 
equa�on becomes: ( 1) 3x x− + =  

2x = . This solu�on is valid for Case 1 since 1x ≥ . 
 
Case 2: 0 1x≤ <  
The first absolute value is non-nega�ve, and the 
second is nega�ve, so the equa�on becomes: 
( 1) 3x x− − =  

1 3− = .  This is not possible, so there are no 
solu�ons in this case. 
 
Case 3: 0x <  
Both absolute values are nega�ve, so the 
equa�on becomes: ( 1) 3x x− − − =  



eSpyMath – AP Precalculus Workbook                               220 

Now we need to check these solu�ons to ensure 
they sa�sfy the original equa�on. Only 2x =  
sa�sfy the condi�on. 
 

 
 
 

1x = − . This solu�on is valid for Case 3 since 
0x < . 

Therefore, the solu�ons to the equa�on are 
2x =  and 1x = − . 

 

 
 

9) ⇒ 1x =  
 
To solve the equa�on 2 x x− = , we proceed as 
follows: 
 
First, note that the square root requires 2 0x− ≥ , 
which implies 2x ≤ . Also, the square root is non-
nega�ve, so 0x ≥ . 
 
Squaring both sides gives us: 

2 22 2 0x x x x= +⇒− − =  
So, 2x = −  or 1x = . 
 
However, 2x = −  does not sa�sfy the original 
equa�on because it would result in taking the 
square root of a nega�ve number. Therefore, the 
only solu�on is 1x = , which is valid as it sa�sfies 
both the original equa�on and the condi�on 

2x ≤ . 
 

 
 

10) ⇒ 0x = , 1x =  
 
To solve the equa�on | |x x= , we consider two 
cases based on the value of x : 
 
Case 1: 0x ≥  
The equa�on becomes x x= , which we can 
solve by squaring both sides: 2x x=  

2 0x x− =  
( 1) 0x x − =  

The solu�ons are 0x =  and 1x = , both of which 
are valid since they sa�sfy the original equa�on. 
 
Case 2: 0x <  
The equa�on becomes x x= − , which has no 
solu�on because the square root of a nega�ve 
number is not real, and the square root is non-
nega�ve while x−  is posi�ve. 
 
Therefore, the solu�ons to the equa�on are 

0x =  and 1x = . 
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#3-07. Geometry Prac�ce: Calcula�ng Lengths and Areas 

1. Find the length below. (These drawings are not properly por�oned.) 

1) Find x, y, and z 

 
 

2) Find x 

 
 

 

2. Find the area below. (These drawings are not properly por�oned.) 

1) Area for a triangle 

 

2) Area for an equilateral triangle 

 
3) Area for an isosceles triangle 

 

4) Area for a regular pentagon 

 

5) Area for a regular pentagon 

 

6) Area for a regular hexagon 

 
7) Area for a regular hexagon 

 

8) Find area of the triangle ABC is if the 
ver�ces are: A (1, 1), B (4, 5), and C (9, −5). 
(Hint: Use a formula by matrix determinant if 
you know) 
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Solu�ons: 

1. 

1) ⇒ x=4.8, y=3.6, z=6.4 
 
From the right triangle similarity,  

- 2x y z= ⋅ ,  
- 26 ( )y y z= ⋅ + , 
-  28 ( )z y z= ⋅ + , 
- ( ) 10y z+ = from right triangle 

Solu�ons:  x=4.8, y=3.6, z=6.4 
 

2) ⇒  x=
24
5

 

From triangle similarity 
5
3

8
x

=  

Solu�on:  x=
24
5

 

 

 

2. 

1) ⇒  
1

3 4 sin(60 ) 6 3
2

A = × × × =  

 

2) ⇒
1

8 8 sin(60 ) 16 3
2

A = × × × =  

 

3) ⇒
1

8 8 sin(130 ) 24.51
2

A = × × × =  

 

4) ⇒
1

4 sin(54 ) 10
2

A r= × × × ×

1 4
( ) 4 sin(54 ) 10 110.1

2 cos(54 )
= × × × × =



 

 

5) ⇒
1

8 8 sin(72 ) 5 152.2
2

A = × × × × =  

 

6) ⇒
1

8 8 sin(60 ) 6 96 3
2

A = × × × × =  

 

7) ⇒
1

8 8 sin(60 ) 6 96 3
2

A = × × × × =  

 
8) ⇒

1 1 1
1

4 5 1 25 ( )
2

9 5 1
A positive= ± =

−
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#3-09. Range Opera�ons Prac�ce: Determining the Range of Variable Expressions  

To find the range (minimum and maximum values) for each of these expressions using range 
opera�ons 

1) 1 2x< <  and 3 4y< <  

 
a) x y+  

 
b) x y−  

 
c) x y×  

 
d) x y÷  

 

2) 1 2x< ≤  and 3 4y≤ <  

 
a) x y+  

 
b) x y−  

 
c) x y×  

 
d) x y÷  

 

3) 1 2x− < <  and 3 4y− < <  

 
a) x y+  

 
b) x y−  

 
c) x y×  

 
d) x y÷  

 

4) 2 1x− < < −  and 4 3y− < < −  

 
a) x y+  

 
b) x y−  

 
c) x y×  

 
d) x y÷  
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Solu�ons: 

1)  To find the range for the expressions with 
1 2x< <  and 3 4y< < , we'll perform range 
opera�ons for each expression: 
a) x y+ : 

- Minimum: When x  is at its minimum and 
y  is at its minimum, 1 3 4+ = . 

- Maximum: When x  is at its maximum 
and y  is at its maximum, 2 4 6+ = . 

- Range: 4 6x y< + < . 
b) x y− : 

- Minimum: When x  is at its minimum and 
y  is at its maximum, 1 4 3− = − . 

- Maximum: When x  is at its maximum 
and y  is at its minimum, 2 3 1− = − . 

- Range: 3 1x y− < − < − . 
c) x y× : 

- Minimum: When x  is at its minimum and 
y  is at its minimum, 1 3 3× = . 

- Maximum: When x  is at its maximum 
and y  is at its maximum, 2 4 8× = . 

- Range: 3 8x y< × < . 
d) x y÷ : 

- Minimum: When x  is at its minimum and 

y  is at its maximum, 
1
4

. 

- Maximum: When x  is at its maximum 

and y  is at its minimum, 
2
3

. 

- Range: 1 2
4 3

x
y

< < . 

2) The ranges for 1 2x< ≤  and 3 4y≤ <  are: 
a) x y+ :  

- Minimum: When x  is at its minimum and 
y  is at its minimum, 1 3 4+ = . 

- Maximum: When x  is at its maximum 
and y  is at its maximum, 2 4 6+ = . 

- Range: 4 6x y< + < . 
b) x y− :  

- Minimum: 1 4 3− = −  
- Maximum: 2 3 1− = −  
- Range: 3 1x y− < − < −  

 
c) x y× :  

- Minimum: 1 3 3× =   
- Maximum: 2 4 8× =  
- Range: 3 8x y< × <  

 
d) x y÷ :  

- Minimum: 
1
4

  

- Maximum: 
2
3

 

- Range: 
1 2
4 3

x y< ÷ <  

 

3) To find the range for the expression 1 2x− < <  
and 3 4y− < <  by performing range opera�ons, 
we analyze each opera�on separately: 

) 4 6a x y− < + <  
) 5 5b x y− < − <  
) 6 8c xy− < <  

)
x

d
y

−∞ < <∞  (Minimum: 
1

0
−

≅ −∞  and 

Maximum: 
1
0
≅ ∞ ) 

4) For the range 2 1x− < < −  and 2 4y< < , here 
are the minimum and maximum values for each 
expression: 

) 6 4a x y− < + < −  
) 1 3b x y< − <  
) 3 8c xy< <  

1 2
)

4 3
x

d
y

< <  
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#3-10. Geometry Prac�ce: Finding Lengths in Triangles and Circles 

1. Find lengths by using triangle similarity. (These drawings are not properly por�oned.) 

1) Find x and y  

 

2) Find x where 1 2 3c c c   

 
 

 
2. Find length x, y, and z in circles. (These drawings are not properly por�oned.) 

1) Find x 

 

 
 

2) Find x 

 

 
 

3) Find x 

 

 

4) Find x and y 
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Solu�ons: 

1. 

1) ⇒  x=12, y=20 
 2) ⇒

3 2 9
3 2

x
x
= ⇒ =  

 
 

2. 

1) ⇒ 5 (5 11) 4 (4 )x× + = × + ⇒ x=16 
 

2) ⇒ 6 (6) 4 ( )x× = × ⇒ x=9 
 

3) ⇒ 2 9
5 4(4 )

4
x x= + ⇒ =  

 

4) ⇒
4
6

x y
x y
− =

⇒ + =
x=5, y=1 
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#3-11. Circle Geometry: Finding Missing Angles  

1. Find angles x, y, and z in circles. (These drawings are not properly por�oned.) 

1) Find x 

 

2) Find x and y 

 

3) Find x and y 

 

4) Find x and y 

 

5) Find x and y 

 

6) Find x, y and z 

 

7) Find x and y 

 

8) Find x 

 

9) Find x 
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Solu�ons: 

1) ⇒  x=170° 
 

x = 360 – (110 +80) = 170 

2) ⇒  x=30°, y=30° 
 

60 60
,

2 2
x y= =  

3) ⇒  x=35°, y=70° 
 

35 2 70, 35y x= × = =  

4)  
70 180 110x x+ = ⇒ =   , 
110 180 70y y+ = ⇒ =    
 

5) ⇒  x=50°, y=110° 
 

50 (180 ) 180 50x x+ − = ⇒ =    

110 (180 ) 180 110y y+ − = ⇒ =    

6) ⇒  x=140°, y=100°, z= 120° 
 

2 60 120z = × =  

2 50 100y = × =  

x = 360 – (120 +100) = 140 

7) ⇒  x=70°, y=50° 
 

8) ⇒  x=145° 
 

 
65 80 145x = + =  

9) ⇒  x=20° 
 

 
30 10 20x = − =  
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#3-12. Trigonometric Iden��es and Angle Rela�onships 

Solve 

1) If 2sin(90 θ)   0 θ 90
2

where− = < <o o o  , 

what is cos(θ) ? 

 

2) If 1sin(θ)   0 θ 90
2

where= < <o o  , what is 

cos(90 θ)−o ? 

 

3) If 1sin(θ)   0 θ 90
2

where= < <o o  , what is 

cos(θ) ? 

 

4) If 2sin(θ)   0 θ 90
3

where= < <o o  , what is 

cos(θ) ? 

 

5) If 2sin(θ)   0 θ 90
3

where= < <o o  , what is 

tan(θ)? 

 

6) If cot(90 θ) 3  0 θ 90where− = < <o o o  , 
what is tan(θ)? 
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Solu�ons: 

1) ⇒
2

cos( )
2

θ =  

2
sin(90 )

2
θ° − =  where 0 90θ° °< < :  

- The iden�ty sin(90 ) cos( )θ θ° − =  applies here.  

- Therefore, 2
cos( )

2
θ = . 

 

2) ⇒  1
cos(90 )

2
θ° − =  

1
sin( )

2
θ =  where 0 90θ° °< < :  

- Using the iden�ty cos(90 ) sin( )θ θ° − = , we 

find that 1
cos(90 )

2
θ° − = . 

 

3) ⇒
3

cos( )
2

θ =  

1
sin( )

2
θ =  where 0 90θ° °< < :  

- To find cos( )θ , we use the Pythagorean 
iden�ty 2 2sin ( ) cos ( ) 1θ θ+ =  .  

- Subs�tu�ng 1
sin( )

2
θ = , we get 

2
21

cos ( ) 1
2

θ  + = 
 

.  

- Solving for cos( )θ  gives 3
cos( )

2
θ = . 

 

4) ⇒  7
cos( )

3
θ =  

2
sin( )

3
θ =  where 0 90θ° °< < :  

- Using the Pythagorean iden�ty, we subs�tute 
2

sin( )
3

θ =  into 2 2sin ( ) cos ( ) 1θ θ+ = .  

- Solving for cos( )θ  gives 7
cos( )

3
θ = . 

 

5) ⇒ sin( ) 14
tan( )

cos( ) 7
θθ
θ

= =  

2
sin( )

3
θ =  where 0 90θ° °< < :  

- The tangent of an angle is the ra�o of the 
sine to the cosine.  

- Using the result from 7
cos( )

3
θ = , 

2
sin( ) 2 143tan( )
cos( ) 77 7

3

θθ
θ

= = = = . 

 

6) ⇒ tan( ) 3θ =  
cot(90 ) 3θ° − =  where 0 90θ° °< < :  
- The iden�ty cot(90 ) tan( )θ θ° − =  applies 

here.  
- Therefore, tan( ) 3θ = . 
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#3-13. Exploring Trigonometric Func�on Values and Angle Sum Iden��es 

Solve 

1) o o osin(75 )  sin(45 30 )= + = ? 

 

2) o o ocos(15 )  sin(60 45 )= − = ? 

 

3) o o otan(75 )  tan(45 30 )= + = ? 

 

4) o o otan(15 )  tan(60 45 )= − = ? 

 

5) If 1sin(θ 90 )  
4

− =o , what is cos(2θ) ? 

(0 )θ π< <  

 

6) If 1sin( θ)  
4

− = , what is sin(2θ)? 

3( )
2 2
π πθ< <  

 

7) If ( ) 2cos θ  
3

− = , what is cos(3θ) ? (hint: 

use triple angle Iden�ty formula) 
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Solu�ons: 

1) Using the sine addi�on formula: 
sin( ) sin( )cos( ) cos( )sin( )A B A B A B+ = + , we get: 
sin(45 30 )° °+ sin(45 )cos(30 ) cos(45 )sin(30 )° ° ° °= +  

2 3 2 1 6 2
2 2 2 2 4 4

= ⋅ + ⋅ = +  

2) Using the sine subtrac�on formula: 
sin( ) sin( )cos( ) cos( )sin( )A B A B A B− = − , we get: 
cos(15 ) cos(60 45 )° ° °= −

sin(60 )cos(45 ) cos(60 )sin(45 )° ° ° °= −  
3 2 1 2 6 2

2 2 2 2 4 4
= ⋅ − ⋅ = −  

3) Using the tangent addi�on formula: 
tan( ) tan( )

tan( )
1 tan( )tan( )

A B
A B

A B
+

+ =
−

, we get: 

tan(45 ) tan(30 )
tan(75 )

1 tan(45 )tan(30 )

° °
°

° °

+
=

−

31
3

31 1
3

+
=

− ⋅

2 3= +  

4) Using the tangent subtrac�on formula: 
tan( ) tan( )

tan( )
1 tan( )tan( )

A B
A B

A B
−

− =
+

, we get: 

tan(60 ) tan(45 )
tan(15 )

1 tan(60 )tan(45 )

° °
°

° °

−
=

+

3 1
2 3

1 3 1
−

= = −
+ ⋅

 

 

5) Using the iden�ty sin( 90 ) cos( )θ θ°− = − , we have 1
cos( )

4
θ− = , so 1

cos( )
4

θ = − . Now, using the 

double-angle formula for cosine, 2cos(2 ) 2cos ( ) 1θ θ= − , we get: 
21 7

cos(2 ) 2 1
4 8

θ  = − − = − 
 

 

6) Since sin( ) sin( )θ θ− = − , we have 1
sin( )

4
θ− = ⇒

1
sin( )

4
θ = − .  

- Using the double-angle formula for sine, sin(2 ) 2sin( )cos( )θ θ θ= , but we need cos( )θ  to proceed.  

- Since 2 2sin ( ) cos ( ) 1θ θ+ = , we have: 
2

21
cos ( ) 1

4
θ − + = 

 
2 1 15

cos ( ) 1
16 16

θ⇒ = − =  

- Since 3
2 2
π πθ< < , cos( )θ  is nega�ve, so 15

cos( )
4

θ = − . 

- Now we can find sin(2 )θ : 1 15 15
sin(2 ) 2

4 4 8
θ

  = − − =     
 

7) Since cos( ) cos( )θ θ− = , we have 2
cos( )

3
θ = .  

- Using the triple-angle formula for cosine, 3cos(3 ) 4cos ( ) 3cos( )θ θ θ= − , we get: 
3

2 2 19 2 38 2
cos(3 ) 4 3

3 3 27 27
θ

    −
= − − =      

   
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#3-14. Trigonometric Half-Angle Iden��es Prac�ce 

Find value by Trigonometry Half-Angle Iden�ty 

1) 45sin(22.5 )  sin( ) ?
2

o
o = =  

 

2) 45tan(22.5 )  tan( ) ?
2

o
o = =  

 

3) 30cos(15 )  sin( ) ?
2

o
o = =  
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Solu�ons: 

1) ⇒
45 1 2

sin
2 2 4

° 
= − 

 
 

To find 
45

sin(22.5 ) sin
2

°
°  
=  

 
, we can use the 

half-angle formula for sine: 
1 cos( )

sin
2 2
θ θ−  = ± 
 

 

For 45θ °= , we have:  

2145 1 cos(45 ) 2 22sin
2 2 2 2

° ° −  − −
= = = 

 
 

 
Since 22.5°  is in the first quadrant, where sine is 
posi�ve, we take the posi�ve square root. 
 

2) ⇒ 45
tan 1

2
2

° 
= − 

 
 

To find 
45

tan(22.5 ) tan
2

°
°  
=  

 
, we can use the 

half-angle formula for tangent: 
1 cos( )

tan
2 1 cos( )
θ θ

θ
−  = ±  + 

 

 
For 45θ °= , we have: 

45 1 cos(45 )
tan

2 1 cos(45 )

° °

°

  −
=  + 

2 2

21
2 3 2 1
21

2

−
= = − = −

+
 

Since 22.5°  is in the first quadrant, where tangent 
is posi�ve, we take the posi�ve square root. 
 

3) ⇒ 30 6 2
sin

2 4

°  −
= 

 
 

To find 
30

cos(15 ) sin
2

°
°  
=  

 
, we can use the half-

angle formula for sine:  
1 cos( )

sin
2 2
θ θ−  = ± 
 

 

For 30θ °= , we have: 

3130 1 cos(30 ) 2sin
2 2 2

° ° −  −
= = = 

 
 

2 3 6 2
2 4
− −

= =  

Since 15°  is in the first quadrant, where cosine is 
posi�ve, we take the posi�ve square root.  
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#3-15. Complex Numbers and Polar Coordinates Conversion Exercises 

Solve below where 𝛉𝛉: [0, 2𝛑𝛑) 

1) Convert ( )1 i+  to polar coordinates. 

 

2) Convert ( )3i  to polar coordinates. 

 

3) Convert ( )61 i+   to polar coordinates. 

 

4) Convert ( )4 60  ocis to rectangular 

coordinates. 

 

5) Simplify ( ) ( )4
2 30 4 60   o ocis cis  × −  . 

 

6) Write the four 4th roots of ( )16 120ocis  

 

7) Write the three cube roots of ( )i−  

 

8) Write the four 4th roots of (1 3 )i−  
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Solu�ons: 

1) In polar coordinates, a complex number 
z a bi= +  is represented as (cos sin )z r iθ θ= + , 
where r  is the magnitude and θ  is the angle. 
For 1 i+ : 

- Magnitude: 2 21 1 2r = + =  

- Angle: 
1

arctan
1

θ  =  
 

arctan(1) 45°= =  or 

4
π  radians 

Polar coordinates: 2(cos sin )
4 4

i
π π
+  

2) For  3i (which is along the imaginary axis): 

- Magnitude: 2 20 3 3r = + =  

- Angle: 
3

arctan
0

θ  =  
 

 which is undefined, 

but since it's on the posi�ve imaginary 

axis, 90θ °=  or 
2
π  radians 

Polar coordinates: 3(cos sin )
2 2

i
π π
+  

4) First, convert 1 i+  to polar coordinates as in 
(1), then raise it to the 6th power: 

- Magnitude: 6 6( 2) 8r = =  

- Angle: 6 45 270° °× =  or 3
6

4 2
π π

× =  

radians 

Polar coordinates: 
3 3

8(cos sin )
2 2

i
π π
+  

4) Using (cos sin )z r iθ θ= + :  
- 4(cos60 sin60 )z i° °= +

1 3
4 2 2 3

2 2
i z i

 
= + = = +  

 
 

Rectangular coordinates: 2 2 3i+  
 

5) First, raise 2cis(30 )°  to the 4th power: 
- Magnitude: 42 16=  
- Angle: 4 30 120° °× =  

Now, mul�ply by 4cis( 60 )°− : 
- Magnitude: 16 4 64× =  
- Angle: 120 60 60° ° °− =  

 
Result: 64cis(60 )°  

6) The magnitude of each root is the 4th root of 

16, which is 2. The angles are 120 360
4

k° °+  for 

0,1,2,3k = :  
0k = : 30° , 1k = : 120° ,  
2k = : 210° , 3k = : 300°  

The four 4th roots are: 2cis(30 )° , 2cis(120 )° , 
2cis(210 )° , 2cis(300 )°  

7) The magnitude of each root is the cube root of 

1, which is 1. The angles are 270 360
3

k° °+  for 

0,1,2k = : 0k = : 90° , 1k = : 210° , 2k = : 330°  
 
The three cube roots are:  cis(90 )° , cis(210 )° , 
cis(330 )°  
 

8) First, convert to polar coordinates: 

- Magnitude: 2 21 ( 3) 2r = + − =  

- Angle: 3
arctan 60

1
θ ° −
= = −  

 
 or 

60 360 300° ° °− + =  
The magnitude of each root is the 4th root of 2, 

which is 4 2 . The angles are 300 360
4

k° °+  for 

0,1,2,3k = : 0k = : 75° , 1k = : 165° , 2k = : 255° , 
3k = : 345°  

The four 4th roots are: 4 2 cis(75 )° , 4 2 cis(165 )° , 
4 2 cis(255 )° , 4 2 cis(345 )°  
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#3-16. Trigonometric Equa�ons and Iden��es Prac�ce 

Solve for x, where x: [0 , 360 )x∈    

1) 3sin 0
2

x − =  

 

2) tan 3x =  

 

3) 24cos 1 1 0x − − =  

 

4) |2sin 1| 1x − =  

 

5) cos2 3sin 1x x= − −  

 
6) 23tan 3 tan 0x x+ =  
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Solu�ons: 

1) ⇒ 60 , 120x =    

- Solve: 3
sin

2
x =  

- 60 , 120x =    

 
 

2) ⇒ 60 , 240x =    

- Solve: tan 3x =  
- 60 , 240x =    

 
3) ⇒ 45 ,135 ,225 ,315x ° ° ° °=  

24cos 1 1 0x − − =  

- Isolate the square root. 24cos 1 1x − =  
- Square both sides to eliminate the square 

root. 2 24cos 1 1x − =  
- Simplify the equa�on. 24cos 1 1x − = , 

24cos 2x =  

- Divide by 4. 2 1
cos

2
x =  

- Take the square root of both sides. 
2

cos
2

x = ±  

- Find all x  in the given interval. 
45 ,135 ,225 ,315x ° ° ° °=  

4) ⇒ 90x °= , 0 , 180° °  
|2sin 1| 1x − =  
- Solve the absolute value equa�on by 

considering both posi�ve and nega�ve 
values. 2sin 1 1x − =  or 2sin 1 1x − = −  

- Solve each equa�on. 
• For 2sin 1 1x − = : 2sin 2x = , sin 1x = , 

90x °=  
• For 2sin 1 1x − = − : 2sin 0x = , sin 0x = , 

0 ,180x ° °=  
 

5) ⇒  210 , 330x = −   
cos2 3sin 1x x= − −  
- Use the double-angle iden�ty for cosine. 

2cos2 2cos 1x x⇒ = −  
- Subs�tute the iden�ty into the equa�on.

22cos 1 3sin 1x x⇒ − = − −  
- Use the Pythagorean iden�ty 

2 2sin cos 1x x+ =  to replace 
2 2cos 1 sinx x= − . 

- 22(1 sin ) 1 3sin 1x x− − = − −
20 2sin 3sin 2x x⇒ = − −

(2sin 1)(sin 2) 0x x⇒ + − =  

- Solve: 
1

2sin 1 0 sin
2

x x+ = ⇒ = −  

- 210 , 330x = −   (note: 
sin 2 0 sin 2x x− = ⇒ =  is out of range) 

6) ⇒ 0 , 180x ° °= , 240 , 300° °  
23tan 3 tan 0x x+ =  

- Factor: tan (3tan 3) 0x x + =  
- tan 0x =  or 3tan 3 0x + =  

• For tan 0x = : 0 , 180x ° °=  

• For 3tan 3 0x + = : 3
tan

3
x = −

240 , 300x ° °=  
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#4-01. Exponen�al and Logarithmic Equa�ons Prac�ce 

Find proper x value(s) 

1) 5- -216 4x x=  

 
2) 

2
-132 4

8

x
x

x

+

=  

 

3) 
2 1
3 3- - 2 0x x =  

 

4) -1 -22 16     8 2    x y y xand= =  

 

5) 1 1 2 3- 1   12   and
x y x y

= + =  

 

6) 1 1- 2 
x x

=  
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Solu�ons: 

1) ⇒ 4x =  

- Express both sides with a base of 2: 
4(5 ) 2( 2)2 2x x− −= . 

- Equate the exponents: 4(5 ) 2( 2)x x− = − . 
- Solve for x : . 20 4 2 4x x− = − .. 

• 6 24x = . 
• 4x = . 

 

2) ⇒No solu�on: 

- Express all terms with a base of 2: 
5( 2)

2( 1)
3

2
2

2

x
x

x

+
−= . 

- Simplify the square root and equate 
exponents: 5( 2) 3 2( 1)2 2x x x+ − −= . 
• 5 10 3 2 22 2x x x+ − −= . 
• 2 10 2 22 2x x+ −= . 

- Equate the exponents: 2 10 2 2x x+ = − . 

- No solu�on, as the equa�on is not true for any 
x . 

 

3) ⇒ 1x = − or 8x =  

- Let 
1
3u x= . 

- The equa�on becomes 2 2 0u u− − = . 
- Factor: ( 2)( 1) 0u u− + = . 
- Solve for u : 2u =  or 1u = − . 
- Convert back to x : 32 8x = =  or 

3( 1) 1x = − = − . 

 

4) ⇒ 20, 6x y= =  

- Express both equa�ons with a base of 2: 
4( 1)2 2x y−=  and 3 22 2y x−= . 

- Equate the exponents: 4 4x y= −  and 
3 2y x= − . 

- Solve the system of equa�ons for x  and y . 
- 20, 6x y= =  

 

5) ⇒ 1 1
,

3 2
x y= =  

- Mul�ply the first equa�on by x  and y : 
y x xy− = . 

- Mul�ply the second equa�on by x  and y : 
2 3 12y x xy+ = . 

- Solve the system of equa�ons for x  and y . 

- 1 1
,

3 2
x y= =  

 

6) ⇒ 1
4

x =  

- Let u x= . 

- The equa�on becomes 2

1 1
2

uu
− = . 

- Mul�ply by 2u : 21 2u u− = . 
- Rearrange: 22 1 0u u+ − = . 
- Factor or use the quadra�c formula to solve 

for u . 1
(2 1)( 1) 0 1

2
u u u or− + = ⇒ = −  

- 1 1
1

2 4
u x or x= = − ⇒ =  (only solu�on, 

since 1x ≠ −  ) 
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#4-02. Recursive Sequences and Inequality Solu�ons 

Solve 

1) If n 1
1 n

n

x
x 2 and x 1

x
+= = − , then what is 

4x ? 

 

2) If 2 x 1 8x+ = , then what is x ? 

 

3) Find the set of values sa�sfying the 

inequality  4 2 2
3

x−
≤  

 

4) Find the set of values sa�sfying the 
inequality  1 2 2x≤ − ≤  
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#4-20. Exponen�al Func�ons in Biological and Chemical Processes 

Solve 

1) A certain chemical decays at a rate such 
that its mass is reduced by one-third every 6 
years. If the ini�al mass of the chemical is 
150 grams, which expression shows the 
number of grams remaining a�er t  years? 

 

2) A popula�on of algae doubles every 15 
minutes. If ( )A t  represents the number of 
algae a�er t  minutes have elapsed, which 
equa�on can be used to model the 
exponen�al growth of the algae? 

 

3) A sample of a radioac�ve isotope has an 
ini�al mass of 80 grams, and its mass 
decreases by 20% every 5 years. Which 
expression shows the number of grams 
remaining a�er t  years? 

 

4)  A colony of fungi quadruples every 30 
minutes. If ( )F t  represents the number of 
fungi a�er  minutes have elapsed, which 
equa�on can be used to model the 
exponen�al growth of the fungi? 

 

5)  When exposed to sunlight, the number of 
bacteria in a culture decreases exponen�ally 
at the rate of  per hour. What is the best 
approxima�on for the number of hours 
required for the ini�al number of bacteria to 
decrease by ? 

 

6) Given a star�ng popula�on of 200 
bacteria, the func�on  can be 
used to find the number of bacteria, , a�er 

 periods of �me. If the length of each period 
is 10 minutes, how many minutes will it take 
for the bacteria popula�on to reach 145,800? 

 

 

 

 

t

8%

60%

( ) 200(3 )tb t =
b

t
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Solu�ons: 

1) ⇒
62

( ) 150
3

t

M t  =  
 

 

The mass of the chemical decays to two-thirds of 
its previous mass every 6 years. So, a�er t  years, 
the mass remaining can be modeled by an 

exponen�al decay func�on:
62

( ) 150
3

t

M t  =  
 

 

 

2) ⇒ 15( ) 2000(2)
t

A t =  
The popula�on of algae doubles every 15 
minutes, so the growth can be modeled by: 

15( ) 2000(2)
t

A t =  
 

3) ⇒ 5( ) 80(0.8)
t

M t =  
The mass decreases by 20% every 5 years, which 
means it retains 80% of its mass every 5 years. 
The expression for the remaining mass a�er t  

years is: 5( ) 80(0.8)
t

M t =  
 

4) ⇒ 30( ) 1000(4)
t

F t =  
The colony of fungi quadruples every 30 minutes, 

so the growth can be modeled by: 30( ) 1000(4)
t

F t =  
 

5) ⇒ 7.2t ≈  
To solve this, we use the exponen�al decay 
formula: 0( ) (1 )tN t N r= ⋅ −  
where 0N  is the ini�al number, r  is the decay 
rate per hour, and t  is the �me in hours. We 
want to find t  when 0( ) 0.4N t N=  (since a 60% 
decrease means 40% remains). 

0 00.4 (1 0.08)tN N= ⋅ − ⇒  0.4 (0.92)t=  
Taking the natural logarithm of both sides: 

ln(0.4) ln(0.92)t= ⋅ ⇒  ln(0.4)
ln(0.92)

t =  

Using a calculator: 7.2t ≈  
So the best approxima�on is 7.2 hours. 
 

6) ⇒ 60  minutes. 
We want to solve for t  when ( ) 145,800b t = .

145,800 200(3 )t⇒ = 729 3t⇒ =  

Since 6729 3= , we have: 6t =  
Each period is 10 minutes, so the total �me in 
minutes is 6 10 60× =  minutes. 
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#5-01. Polynomial Division and Coefficient Determina�on 

Solve. 

1) If a polynomial  is 

divided by ( )3x −  , what is the remainder? 

 

2) If a polynomial  is 

divided by , then what is the 
remainder? 

 

3) If a polynomial  has 

a factor of , what are the values of a 

and b? 

 

4)  is true for all 
real values of x, what are the values of a and 
b? 

 

  

( ) 2 3 4= + +f x x x ( ) 3 22 3 4f x x x x= + + +

( )( )1 2x x+ −

( ) 3 2 1f x x ax bx= + + +

( )2 1x −

( ) ( )1 4 6a x b x x+ − − = +
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Solu�ons: 

1) 22⇒  
- Use the Remainder Theorem, which states 

that the remainder of a polynomial ( )f x  
divided by ( )x c−  is ( )f c . 

- Evaluate (3)f : 
2(3) 3 3(3) 4 9 9 4 22f = + + = + + = . 

- The remainder is 22. 
 

2) 28 50x⇒ −  
- Apply synthe�c division or long division to 

divide ( )f x  by ( 1)( 2)x x+ − . 
- First, divide by ( 1)x +  and then by ( 2)x − , or 

vice versa, and find the remainder for each. 
- Alterna�vely, find ( 1)f −  and (2)f  to use as 

coefficients in the linear remainder Ax B+ . 
- Evaluate 3 2( 1) ( 1) 2( 1) 3( 1) 4f − = − + − + − +

1 2 3 4 2= − + − + = . 
- Evaluate 3 2(2) (2) 2(2) 3(2) 4f = + + +

8 8 6 4 26= + + + = . 
- The remainder is of the form 

( 1) ( 2)A x B x+ + − , where ( 1)A f= −  and 
(2)B f= . 

- The remainder is 2( 1) 26( 2)x x+ + − , which 
simplifies to (2 2) (26 52) 28 50x x x+ + − = − . 

 

3) 1a⇒ =−  and 1b = − . 
- Since 2( 1)x −  is a factor, it means (1) 0f =  

and ( 1) 0f − = . 
- Evaluate (1) 1 1 0 2 0f a b a b= + + + = ⇒ + + = . 
- Evaluate ( 1) 1 1 0 0f a b a b− = − + − + = ⇒ − = . 
- Solve the system of equa�ons: 

• 2a b+ = −  (from (1) 0f = ) 
• 0a b− =  (from ( 1) 0f − = ) 

- Adding both equa�ons gives 2 2a = − , so 
1a = − . 

- Subs�tu�ng a  into the second equa�on 
gives 1 0b− − = , so 1b = − . 

- The values are 1a = −  and 1b = − . 
 

4) 2a⇒ =  and 1b = . 
- Expand both sides: 4 6ax a bx b x+ − + = + . 
- Combine like terms: ( ) ( 4 ) 6a b x a b x− + + = + . 
- For the equa�on to hold for all x , the 

coefficients of x  must be equal, and the 
constants must be equal: 
• 1a b− =  (coefficient of x ) 
• 4 6a b+ =  (constant term) 

- Solve the system of equa�ons: 
• 1a b= +  
• 1 4 6b b+ + =  

- Simplify the second equa�on: 5 1 6b+ = , so 
1b = . 

- Subs�tute b  into the first equa�on: 
1 1 2a = + = . 

- The values are 2a =  and 1b = . 
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#5-20. Applica�ons of Sta�s�cs in Real-Life Situa�ons 

 Use sta�s�cal methods to analyze and make decisions based on data. 

Solve: 

1) What is the mean, and how do you 
calculate it from a set of numbers? 
 
 

2) What is the purpose of using sta�s�cs in 
weather forecas�ng? 
 
 

3) How can sta�s�cs help in making decisions 
in business? 
 
 

4) What is the median, and how is it different 
from the mean? 
 
 

5) Explain how sta�s�cs can be used in 
healthcare to improve pa�ent outcomes. 
 
 

6) What is a sta�s�cal hypothesis, and how is 
it tested? 
 
 

7) How do sta�s�cs support decision-making 
in environmental conserva�on efforts? 
 
 

8) Discuss the role of sta�s�cal analysis in 
quality control and improvement in 
manufacturing. 
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Solu�ons: 

1) What is the mean, and how do you calculate it 
from a set of numbers? 
- The mean is the average of a set of numbers, 

calculated by adding all the numbers together 
and then dividing by the count of the 
numbers.  

- For example, for the set 2, 4, 6, 8, the mean is 
(2 4 6 8) / 4 20 / 4 5+ + + = = . 

2) What is the purpose of using sta�s�cs in 
weather forecas�ng? 
- Sta�s�cs are used in weather forecas�ng to 

analyze historical weather data, iden�fy 
paterns, and make predic�ons about future 
weather condi�ons based on those paterns. 

 

3) How can sta�s�cs help in making decisions in 
business? 
 
- Sta�s�cs help in business decision-making by 

providing data analysis on market trends, 
customer behavior, and opera�onal 
performance, enabling businesses to make 
informed decisions regarding marke�ng 
strategies, product development, and 
resource alloca�on. 

4) What is the median, and how is it different 
from the mean? 
- The median is the middle value in a set of 

numbers ordered from smallest to largest. It 
is different from the mean as it is not 
influenced by extremely high or low values.  

- For example, in the set 1, 2, 3, 100, the 
median is 2.5 (the average of the two middle 
numbers, 2 and 3), while the mean is 26.5, 
significantly affected by the value 100. 

5) Explain how sta�s�cs can be used in 
healthcare to improve pa�ent outcomes. 
- Sta�s�cs in healthcare can be used to analyze 

pa�ent data, iden�fy trends in diseases, 
evaluate the effec�veness of treatments, and 
predict health outcomes.  

- This informa�on helps healthcare providers 
make evidence-based decisions, leading to 
improved pa�ent care and outcomes. 

 

6) What is a sta�s�cal hypothesis, and how is it 
tested? 
- A sta�s�cal hypothesis is an assump�on 

about a popula�on parameter. It is tested 
using sta�s�cal methods to determine 
whether there is enough evidence to reject 
the hypothesis.  

- The process involves collec�ng data, 
calcula�ng a test sta�s�c, and comparing it to 
a cri�cal value to decide if the observed data 
significantly deviates from what the 
hypothesis predicts. 

7) How do sta�s�cs support decision-making in 
environmental conserva�on efforts? 
 
- Sta�s�cs support environmental conserva�on 

by analyzing data on pollu�on levels, species 
popula�ons, and habitat condi�ons, among 
other factors. This analysis helps iden�fy 
trends, assess the effec�veness of 
conserva�on measures, and make informed 
decisions on where to focus efforts and 
resources for maximum impact. 

 

8) Discuss the role of sta�s�cal analysis in 
quality control and improvement in 
manufacturing. 
- Sta�s�cal analysis in manufacturing quality 

control involves collec�ng and analyzing data 
on produc�on processes and product quality.  

- Techniques such as control charts and 
process capability analysis help iden�fy 
varia�ons in the process and devia�ons from 
quality standards.  

- This informa�on is used to make adjustments 
to the process, reduce variability, and 
improve product quality, leading to higher 
efficiency, reduced waste, and increased 
customer sa�sfac�on. 
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